Abstract. We describe a variational calculation for the problem of screening of a point charge in a layered correlated metal close to the Mott transition where the screening is non-linear due to the proximity to the incompressible insulating state. This analysis can robustly account for locally incompressible regions induced by external charge and gives further insights, such as overscreening in the nearest nearby metallic layers while preserving overall charge neutrality.
Correlated metals can exhibit a large variation of electronic compressibility for small changes in the electron density. As a consequence, a local charge impurity, such as muon or dopant interstitial, may lead to a significant displacement of charge and drive the system to a local insulating (incompressible) state. Such non-linear screening is further complicated by the layered structure of the interesting correlated metals, such as the cuprates, since an additional length scale (the layer spacing) is introduced. These aspects of the screening of a point charge in a correlated metal can be analyzed within a variational scheme. [1] Though by no means exhaustive, the variational analysis allows for a phenomenological account of microscopic aspects of the physics of correlated metals which are still poorly understood. The current interest into the problem of electrostatic screening in layered correlated metals has been induced by recent muon spin relaxation experiments in underdoped metallic cuprates. [2, 3, 4, 5, 6, 7, 8, 9] Electrostatic screening in a layered metal can be analyzed starting with a model of an equidistant stack of metallic planes at z n = (1/2 + n)c separated by a dielectric medium. An external charge is placed between the two planes, at z n = ±c/2, at position d above the center. The electrostatic potential φ(r, z n ) is determined by screening charges ρ(r, z n ) on the metallic planes via the Poisson equation
where r is a continuous planar position. Here φ µ (r, z n ) = (|e|/ )/ r 2 + (z n − d) 2 is the electrostatic potential of the external charge. Going to planar momentum variable, ξ, via φ(ξ) = (1/2π) d 2 r exp{−iξr}φ(r) we write
Due to rotational symmetry the planar momentum ξ enters only via ξ = |ξ|. Here φ µ (ξ, z n ) = 4π|e|e −ξ|zn−d| /2ξ is the potential of an external charge. Rewrite it in the form
where ∆ = A −1 is Laplacian operator on a finite stack of metallic planes defined as a matrix inverse of A nn = e −ξ|zn−z n| /2ξ. For a finite stack of N planes it is a tri-diagonal matrix of the form,
where g = ξ(1 + coth cξ), g = 2ξ coth cξ and f = −ξ/ sinh cξ. Eq. (2) can be obtained as a condition for stationarity of the functional
with φ as an independent variable. Here ψ(ξ, z n ) = φ(ξ, z n ) − φ µ (ξ, z n ). The screening charge density is defined via the second term by 4π|e|ρ(r, z n ) = −dS F /dφ(r, z n ). For a metallic plane characterized by linear compressibility we have ρ = −(κ/2π|e|)φ where κ = (2π |e| 2 / )(dn/dµ) is the inverse screening length of the two-dimensional metal [10] and
The form of S F for non-linear screening will be discussed later. We will take the simple view that for small displaced charge the metallic plane has a large and fixed charge compressibility and therefore the screening is linear. Thus in the situation where most of the screening of external charge is done by the two nearest planes, z n = ±c/2, the screening charge in the rest of metallic planes is small and therefore can be accounted within linear screening regime. In this situation one has to consider the effects of nonlinear screening in the two nearest metallic planes only.
To obtain a functional that depends on the potentials in the two nearest planes only [11] we rewrite Eq. (4) in the matrix form (the ξ-integrals are implied)
We have kept the (linear) compressibility term for all planes except the two in the center, z n = ±c/2. Here Ψ = {ψ(ξ, z n )} n is a vector planar index as an index. Similarly, Φ µ = {φ µ (ξ, z n )} n . We separate out the two nearest planes Ψ 0 = {ψ(ξ, z +1/2 ), ψ(ξ, z −1/2 )}, the rest of planes above, Ψ + , and the rest of planes below, Ψ − (and similarly for Φ µ ). The 2x2 block, ∆ 00 , multiplies the two planes near the external charge. The block ∆
block with only one non-zero element in correspondence with the tri-diagonal structure of matrix ∆. Omitting Ψ 0 -independent terms, we write 
here N is the dimension of the ∆ ++ matrix). We define matrix D via 2κ + ∆ (++) = [2ξ coth cξ + 2κ]D. It is equal to 1 on the main diagonal and −1/(2α) on the two near diagonals, α(ξ) = cosh cξ + (κ/ξ) sinh cξ. Taking the limit N → ∞, ignoring α , and using the identity [
. Adding the (−−) block in Eq. (7),
The linear terms in Eq. (7) are evaluated similarly,
We obtain (here φ ± = φ(z n = c/2) ± φ(z n = −c/2)),
This functional serves as a starting point for an analysis of the effects of non-linear screening in the two nearest planes assuming that all other metallic planes are in the linear screening regime. When the screening in the two nearest planes is linear,
which can also be obtained directly from Eq. (1). The planar screening length is controlled by the singularity of φ 0 (ξ) in the complex plane of ξ which is closest the real axis, i.e., one of the branch points ξ * which is a solution of α(ξ * ) = ±1. The screening length approaches c/π for κc 1.
To discuss the non-linear screening, we need to specify the compressibility part of the functional, S F , and variational functions. We take a simple model in which the non-linear compressibility in the metallic plane is a step function: when local screening charge density exceeds a certain threshold, ρ * , the metallic layer goes over into a local insulating (incompressible) state, δρ/δφ = 0. In the cuprates, for instance, we have ρ * ∼ 0.1 holes per unit cell around optimal doping. In the absence of external charge, the local hole density is determined by chemical doping, ρ = 0. At high enough doping the copper-oxide plane is metallic and it is characterized by linear electrostatic response, δρ/δφ = −κ/(2π|e|/ ). We note that when the threshold density ρ * is small a significant fraction of the electric field may leak to the next plane, z n = ±3c/2, and be strong enough for it to reach the threshold density as well, which will invalidate our assumption of all other planes being in the linear screening regime. The extension of Eq. (10) to allow non-linear screening in more than two nearest metallic planes is straightforward. Since the local charge density is defined via S F , this model requires S F = κφ 2 for φ < φ * and S F = κφ * (2φ − φ * ) for φ > φ * . Here 2κφ * = 4π|e|ρ * . The effect of non-linear compressibility is that the screening charge is pushed out of the immediate vicinity of the external charge (when compared with the screening in the linear case), i.e., the screening cloud is larger. It is important that this does not affect the screening cloud at large distances where displaced charge is small and the screening is linear. This observation leads to the choice of our variational function: the electrostatic potential for a screening of a point charge in a non-linear metal is modelled with a screening potential in a linear metal due to a "smeared", finite size, external charge. Such variational function can be constructed starting with Eq. (11). We further assume that the charge is only distributed in the direction parallel to the plane with charge density ν(r), i.e., the variational function is φ(ξ, z n =±c/2) = ν(ξ)φ 0 (ξ, z n =±c/2) where φ 0 is given by Eq. (11) . The simplest choice is a constant charge density over a disk of radius R, i.e., ν(r) = Qθ(R − r)/(πR 2 ) where θ(x) is a step function. For the situation discussed below a non-uniform distribution ν(r) = Q exp{−r/R}/(2πR 2 ) proves to be better. For the non-linear screening the density is not simply related (not proportional) to the local screening potential, thus Q is an independent variational parameter. The interpolating property of our choice of variational function is that in the linear screening case it is an exact screening potential with R = 0 and Q = 1. We now discuss screening of an external positive charge, +|e|, in a layered metal which geometry which roughly corresponds to LSCO cuprates, presented in Fig. 1 . The planar distance is in units of planar unit cell size, a, and the density is given in units of charge per planar unit cell. For a symmetric position of the external charge, the insulating region has a radius of 0.68a, and it contains about −0.30 charge (in units of +|e|). Note that the for large values of linear compressibility (κc 1) the density outside the insulating region decays rather slowly, at distances of about inter-plane distance, c, and the charge density decrease to a half of its value in insulating region at about 1a from the center. The total charge in each plane is −0.5, ( −0.48 for linear screening in the same geometry). These numbers support our assumption that all other metallic planes are in the linear screening regime. The situation changes slightly if we shift the external charge away from the symmetric position, d = c/4, which more closely reflects the muon site in the LSCO lattice. The area of the insulating region in both planes increases in this asymmetric situation, r i = 0.69a in one plane and 1.05a in the other. The total screening charge in each plane is, −0.58 and −0.74 respectively (−0.26 and −0.69 for linear screening in the same geometry). Compared to the symmetric external charge position, in this asymmetric situation the plane which is closer to the external charge is in the locally insulating state over a larger area and therefore, the effective, partially screened charge seen by the other, more distant plane, is also larger. The total charge of the two planes, −1.33, is greater than one, i.e., in this geometry the non-linear screening leads to an overscreening of the external charge in the two nearest metallic planes. The integrated screening charge in the infinite stack planes remains equal to the external charge.
In conclusion, we have developed a minimal variational framework for the analysis of screening of a point charge in correlated layered metals such as cuprates in the metallic doping range. When applied to the screening of the muon in the LSCO cuprates, the calculation supports an earlier qualitative discussion in Refs. [ [8, 9] ]. The method presented here may be used to study the charge distribution, rectification, transistor action and other surface effects between weakly doped Mott insulators and metals.
